Introduction
Convective flows with heat transfer are of much interest to the recent researchers from both theoretical and practical point of view. Such interest stems due to the occurrence of these flows in geophysical and engineering fields including solid matrix heat exchangers, ground water movement, geothermal energy extraction, oil and gas production, thermal insulation drying porous solids, nuclear waste disposals, and many others. Especially mixed convection flows are important in numerous physical situations in environment as well as in artificial appliances, e. g. cooling of semi-conductor devices and nuclear power houses, etc. For the efficient working of the electronic devices, the cooling through air streams is very easy and economical. To retain working temperature of a system in the industries natural convection and external currents of air are effectively used. The combination of an external source of pushing air and natural convection termed as mixed convection flow. Therefore, the importance of study of mixed convection is recognizable due to its occurrence in nature and in many engineering applications. One of the most important applications of mixed convection flows is cooling of heat exchangers components. Elliptic cylinder shapes are commonly used in the heat exchangers. These cylindrical shapes with elliptic cross-section offer smaller resistance to air to pass through and effectively cool the system. Thus, the discovery of efficient and reliable heat exchangers requires a detailed investigation and a careful consideration of heat flows over this kind of geometry. An encyclopedic literature dealing with mixed convection laminar flows over circular cylinder is available but scrutiny of mixed convection flows over the elliptic cylinder needs some serious attention. The pioneering work regarding free convection flows over elliptic cylinder with PST and PHF was carried out by Merkin [1] . Heat-flow was investigated over elliptic cylinder of different eccentricities for both blunt orientation (major axis along horizontal) and slender orientation (major axis along vertical). In another paper, Merkin [2] investigated mixed convection flows over horizontal circular cylinder with PST condition. Bhatacharyya and Pop [3] discussed free convection heat transfer from an elliptical cylinder in flow of micropolar fluids. Hossain et al. [4] invented radiation effect over steady natural convection flow over elliptic geometry. Ahmad et al. [5] reproduced results of Merkin [1] for constant heat flux case successfully using Keller-box scheme. They presented theoretical results for both air and water to get the concordance with experimental results. Javed et al. [6] presented effect of thermal radiation on unsteady mixed convection flow near forward stagnation point over cylinder of elliptic cross-section. They numerically simulated the problem using Keller-box method and calculated the solution at different time steps. Recently, Javed et al. [7] discovered mixed convection flow around the elliptic cylinder. In this article, they presented the solution by considering stream velocity as a sine function of eccentric angle. Moreover, a useful contribution in this regards can be seen in the references [8] [9] [10] [11] .
The study of viscoelastic fluid-flows has also a great importance due to its applications in engineering and several manufacturing processes e. g. petroleum drilling, manufacturing of food, paper, paints, coating, inks, and jet fuels, etc. The viscoelastic fluid is of second grade nature. Dun and Rajagopal [12] did a comprehensive discussion on second and third order fluids. Ariel [13] and Rajagopal et al. [14] also studied viscoelastic fluids in different geometries. It is also necessary here to mention the work done by Cortell [15] , Abel et al. [16] , Hayat et al. [17] , and Sajid et al. [18] on second grade fluids. Recently, Abbas et al. [19] [20] [21] discussed the hydromagnetic flow of viscoelastic fluid in stretching/shrinking sheet and in semi-porous channel separately. Anwar et al. [22] studied the steady mixed convection boundary-layer flow of viscoelastic fluid over a horizontal circular cylinder with constant surface temperature. Later on, Kasim et al. [23] investigated the constant heat solution for the viscoelastic boundary-layer flow on circular cylinder. Ahmad et al. [24] reported on radiation effect on boundary-layer flow of a viscoelastic fluid over the circular cylinder.
After the persuasion of previously referred work we extended the idea presented in [7] for the second grade viscoelastic fluid model over surface of the cylinder of elliptic cross-section with PHF condition. The drawn numerical outcomes are matched with those presented by Kasim et al. [23] for the validation of our solution procedure. This study demonstrated the consequences resulted by varying the emerging parameters on flow and heat transfer rates for both orientations.
Mathematical analysis
Let us take an elliptic cylinder lying horizontally and consider laminar mixed convection flow of an incompressible, second grade viscoelastic fluid over it. In addition, let lengths of major and minor axis are 2a and 2b, respectively. Suppose the fluid be moving with a constant free stream velocity U ∞ / 2 in the upward direction in such a way that velocity at the edge of boundary-layer is u ̅ e T ∞ stands for temperature of ambient fluid and let the surface of cylinder be emitting a constant heat flux q w . The schematic diagram of the problem is given in fig. 1 . The conditions on surface heat flux are q w > 0 and q w < 0 which represent the assisting and opposing flow cases, respectively. The horizontal cylinder is considered enough long to discard end effects. This assumption gives flow field to be 2-D. Along with these assumptions and Boussinesq and boundary-layer approximations, the basic equations [22] [23] [24] are:
where x ̅ and y ̅ are the cartesian co-ordinates, u ̅ and ν̅ -the velocity components along x ̅ and y ̅ , T -the temperature, n -the kinematic viscosity, ρ -the density, C p -the specific heat constant, k -the thermal conductivity of the fluid, k 0 -the viscoelastic material parameter, g -the gravitational acceleration, β -the thermal expansion coefficient, and ϕ -the angle measured between downward vertical and outer perpendicular. In the present study, k 0 is taken positive to meet thermodynamic conditions as it was suggested by Dunn and Rajagopal [12] . The Newtonian case can be restored by setting k 0 + 0. The related boundary conditions are given by:
The boundary condition on u ̅ are two in number but the governing equations representing the problem involve third order derivative of u ̅ which demands one extra boundary condition. Garg and Rajagopal [25] that extra boundary condition, i. e. ∂u ̅ / ∂y ̅ → 0 when y ̅ → ∞, which suffices for the solution of boundary value problem comprising eqs. (1)- (4). Now introducing the following non-dimensional variables:
into eqs. (1)- (3) we arrive at: The boundary conditions (4) along the augmented boundary condition reduces to following form:
Next we assume the free stream velocity u e (α) = sin α where α is the eccentric angle of the ellipse (see fig.1 ) and introducing the following variables to solve the problem.
with ψ being the usual stream defined by:
With these assumptions eq. (6) is identically satisfied and the boundary value problem represented by eqs. (7)- (9) reduces to the following forms: sin cos sin
The geometry shown in fig. 1 clearly demonstrates that when sin ϕ = sin x. The elliptic cylinder reduces to circular cylinder. The study of elliptic cylinder case is confined to two possible cases namely the blunt orientation and slender orientation when major axis of ellipse is considered along horizontal and perpendicular to it, respectively, [1] . The quantities given in eq. (12) x, sin ϕ, and B are parametrically for blunt as well as slender orientations are: 
where τ w and q w express the wall shear stress and surface heat flux, respectively, which satisfy:
Using eqs. (4) and (10), we get:
Re ,
The limiting case i. e. at the lower stagnation point of the cylinder x ≈ 0, the PDE (12) and (13) along the boundary conditions to the ODE:
With boundary condition:
Here the prime notation gives rate of change with respect to y and the quantities (sin α cos α) / xB and sin ϕ / x approach to L and A 0 , respectively, as x → 0. These quantities take the following values L = 1, A 0 = b / a for the blunt orientation and L = A 0 = a 2 / b 2 for the slender orientation. The eq. (17) reduces to the form:
Numerical solution
This section demonstrates the numerical discretization and numerical procedure adopted for the solution of the problem. An implicit finite difference scheme given by Keller and Cebeci [26] is implemented for the solution of governing PDE (12) and (13) with boundary conditions (14) . This numerical procedure is very well explained in the book of Cebeci and Bradshaw [27] . The equations are discretized along the whole domain by selecting a suitably small step size in both x-and y-directions. The grid size ∆y = 0.02 and Δx = π / 180 is found suitable for the present study. The accuracy of achieved results are validated through the benchmark [28] and [23] by setting Pr = 1, b / a = 1 (circular cylinder case) and K = 0 (Newtonian case). Table 1 shows an excellent concordance of our computed results with the referred results. In this procedure all higher order PDE are reduced to the first order PDE. So, the following variables are introduced: sin cos sin 2 .
The uniform grid points are taken in (x, y) plane which are defined: (x, y) . The derivatives with respect to x and y are discretized by the formulas given below:
and the function's value is taken as average value at two consecutive grid points:
The Newton's linearization is employed to linearize highly non-linear PDE in the following fashion: By supplying a suitable initial guess, we obtain a linear system of algebraic equations, which is solved using tri-diagonal elimination to get the solution at next grid point.
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 1 1 1 1 1 , , , i i i i i i n n n n n n j j j j j j i i i i i i n n n n n n j j j j j j i i i i i i n n n n n n j j j j j j i i i n n n j j j f f f u u u v v v
Results and discussion
The non-dimensional PDE (12) and (13) with boundary conditions (14) , and ODE (18) and (19) with boundary conditions (20) are integrated numerically using an implicit finite difference scheme, i. e. Keller-box method. The details of the scheme are given in [26, 27] . The grid size along y-direction Δy and y ∞ is carefully varied adjusted for various choices of pertinent parameters to get highly accurate results. Therefore, the grid size Δy = 0.02 and Δx = π / 180 has found suitable for present numerical study. The calculations of results are start-ed at lower stagnation point and continue the process along the surface of cylinder to the point where solution exists and separation does not occur. To assure the accuracy of computed results, we have matched them to those earlier reported by Kasim et al. [23] and Nazar et al. [28] setting Pr = 1, b / a = 1 (circular cylinder case), and K = 0 (Newtonian case). Table 1 shows an excellent concordance of our computed results with referred results.
The profiles of key physical quantities -the skin friction C f Re 1/2 and Nusselt number NuRe -1/2 for blunt orientation case are displayed in figs. (2)
-(5). Figures 2(a) and 2(b) illustrate the C f Re
1/2 and NuRe -1/2 for various options while other parameters are kept fixed. It is noted that by the enhancement of the value of mixed convection parameter both flow and heat transfer rates boost. Also due to this increase in mixed convection, boundary-layer separation delays. It is further seen that the flow rate achieves its maximum value along the surface of cylinder before separation initiates.
Figures 3(a) and 3(b) indicate the behavior of C f Re 1/2 and NuRe -1/2 along the surface of cylinder for various choices of aspect ratio b / a both in the cooled cylinder case (λ = -0.3) and heated cylinder case (λ = 2). The solid curves give the trend of these quantities in cooled cylinder case and dotted curves express them in heated cylinder case. It is observed that by extending aspect ratio b / a, both flow and heat transfer rates decrease in the cooled cylinder case and boundary-layer separation comes early. On the oth- er hand, the same quantities show the reverse trend by extending the aspect ratio. A slight rise in the flow rate is noted by increasing the aspect ratio b/ a. The heat transfer rate grows along the surface of cylinder in the interval 0 < α < 42 o but declines in the interval 69 o < α < 86 o by extending the aspect ratio of the elliptic cylinder. The change of behavior of heat transfer rate is shown in the interval 42 o < α < 69 o by extending the aspect ratio. Figures 4(a) and 4(b) express the trend of flow and heat transfer rates along the surface of cylinder for various options of viscoelastic parameter, K, while keeping the other parameters fixed. Both flow and heat transfer rates obviously decrease by the growth of viscoelastic parameter that agrees with the practical situations. Figures 5(a) and 5(b) show the impact of Prandtl number on flow and heat transfer rates along the surface of cylinder. Both quantities decrease due to rise in the value of Prandtl number, but the boundary-layer separation delays by lessening the value of Prandtl number.
The flow and heat transfer rates in case of slender orientation are displayed in figs. 6-10. The rise in flow and heat transfer rates due to growth of mixed convection parameter, λ, along the surface of cylinder. The phenomenon is displayed in figs. 6(a) and 6(b). It is interestingly noted that by raising the mixed convection parameter to a specific value λ c the boundary--layer separation delays. But the separation initiates early for λ > λ c . The increase in flow and heat transfer rates due to the extension of aspect ratio for the range 0 < b / a < 0.5 but decrease 
Conclusions
In the present theoretical study, we investigated the mixed convection boundary-layer flow of a viscoelastic fluid over the surface of a horizontal cylinder of elliptic cross-section subjected to a constant surface heat flux. The boundary-layer equations governing the flow and heat transfer are transformed to non-dimensional, non-linear system of PDE which is solved by an efficient finite difference scheme (Keller-box method). The effects of viscoelasticity, mixed convection parameter, aspect ratio parameter and the Prandtl number over the flow and heat transfer rates are carefully observed. The present study provides a useful data for devising a most efficient cooling system. It leads to the following inferences. y By increasing the value of mixed convection parameter, both flow and heat transfer rates enhanced for both the orientations. y In cooled cylinder case, flow and heat transfer rates reduces in blunt orientation by increasing the aspect ratio but in slender orientation both flow and heat transfer rates increase for 0 < b / a < 0.5 and decrease fo 0.5 < b / a < 1. y In heated cylinder case, the flow rate increases in both blunt and cylinder orientations with increase in the aspect ratio whereas heat transfer rate increases in slender orientation by the rise in aspect ratio. On the other hand, in blunt orientation it increases along the surface of cylinder in range 0 < α < 42 o changes its behavior in 42 o < α < 69 o and then decreases in 69 o < α < 86 o . y Both flow and heat transfer rates decrease in the both orientation cases by enhancing the viscoelasticity of the fluid. y The rise in Prandtl number results in reduction of both the flow and heat transfer rates in the blunt orientations and exhibit opposite behavior in the slender orientation, and y The velocity of the fluid in the boundary-layer decreases but temperature rises by enhancing viscoelasticity of the fluid. 
